We show that a self-consistent classical theory of the spin, based on a very general Lagrangian extending the Newtonian dynamics, does predict the special case of helicity-0 particles, which at the same time are endowed with nonzero spin and zero intrinsic angular momentum.
I. INTRODUCTION
Besides the ordinary cases of spinless scalars and spinnning spinors and vectors, it exists another exotic class of elementary particles: the helicity-0 particles (HZPs), which are spinning, but with zero helicity and vanishing conserved component of the spin vector. HZPs have occasionally been associated to longitudinal excitations of vector fields found in string theory and in some dark-matter and dark-energy cosmological theories (sometimes recognized as "ghost" fields or "aether"-like fields). In particular, both longitudinal and trasversal components of vector fields with a nonzero covariant divergence have been considered in the context of general relativity for describing the expansion of the Universe in the background of the de Sitter cosmological metric. The energy-momentum tensor of the most simple zero-mass longitudinal vector fields enters the Einstein equations as a kind of cosmological constant: therefore the longitudinal waves could really contribute to the dark energy arising [1] . Another known approach to describe longitudinal spin-1 waves is the Stückelberg theory [2] , which recovers the longitudinal degree of freedom lost in the Proca theory for a massive vector field (due to the trasversal Lorentz gauge), in such a way restoring the U(1) gauge invariance. Furthermore, in [3] it is shown that a massive vector particle can exist only in the helicity-0 state if it is composed of a fermion-antifermion pair (the mass being generated by the actractive interaction between the two massless particles). In that paper it is also proved that a massive helicity-0 vector particle should behave as a pseudoscalar and that could be identified experimentally by detecting an asymmetry in its decay products, since the longitudinal polarization can lead to forwardbackward asymmetries.
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Let us also notice that the Lorentz symmetry of vacuum quantum fields, usually satisfied by Klein-Gordon spin-zero fields (as e.g. the ordinary Higgs boson), is not broken by HZPs, because for such particles the quantum vacuum expectation value of the spin vector (equal, as is known, to the helicity) vanishes in any frame. Therefore the helicity-0 field could eventually play the rôle of a proper quantum vacuum field.
In the next section we shall analyze the arising of a nonvanishing spin vector due to a boost applied to the center-of-mass frame (CMF), a sort of "extrinsic" spin analogous to the orbital angular momentum. Then we shall see that, differently from scalar spinless particles, at a classical level HZPs own internal degrees of freedom so that they can be considered as extended-like particles. Actually, we shall prove that they are special solutions of a very general classical model for free spinning particles corresponding to degenerate oscillatory motions in the CMF.
II. EXTRINSIC SPIN VECTOR
For a spinning particle with 4-momentum p µ = (p 0 ; p), total angular momentun J µν , spin tensor S µν , and spin 3-vector s the (conserved) Pauli-Lubanski 4-vector is defined as
where k is the Lorentz-boost generator (in the particle "inner" spin space)
The square of W µ is a Casimir-invariant of the Poincaré group and is equal 2 to −m 2 s 
It follows that in a generic reference frame we shall have
where w ≡ p/p 0 is the center-of-mass speed 3 . Actually the spin w ×k results always orthogonal to k 4 and to w, and then also to the momentum, as expected from the vanishing of the helicity. We notice that even for s ⋆ = 0, if k ⋆ = 0, the spin vector is not necessarily vanishing in a reference frame other than the CMF: namely, in principle we can have particles with zero intrinsic angular momentum, i.e. spin zero in the CMF, but with nonzero spin in other reference frames. This case has not been sufficiently studied in the literature. Notice also that for such particles the momentum is orthogonal to the spin and the helicity is zero, s·p = 0, in any frame. Let us remark that, only in this case, that is when also the spatial part of the Pauli-Lubanski 4-vector vanishes, the helicity is a relativistic invariant quantity. Hence, in this special case the 2 We adopt the signature + − −− for the metric; hereafter c = = 1. 3 Of course, Eq, (4) can also be obtained from the Lorentz-transformated S µν , applying a boost −w to the CMF (as a consequence the particle's center-of-mass, at rest in the CMF, acquires a velocity w in the new frame) and taking into account that s⋆ = 0
where as usual γ = 1/ √ 1 − w 2 indicates the Lorentz factor. 4 From the orthogonality between s and k it also follows
For the other Lorentz invariant quantity built up with the spin tensor we find
(zero) helicity results to be an intrinsic property, just as spin modulus or electrical charge which classify a given particle and are observer-independent.
Elementary particles with vanishing intrinsic angular momentum and helicity, then obeying Eq. (3), belong to two different classes: a) particles with spin tensor S µν identically zero (and then s = k = 0) in all frames. This is the case of ordinary scalar spinless particles described by the Klein-Gordon equation b) particles with nonvanishing spin tensor (S µν , s, k = 0) in a generic reference frame (in the CMF only the polar part of S µν , i.e. k, is different from zero). These helicity-0 particles are non-scalars also if, just like Klein-Gordon scalars, are endowed with only one degree of freedom.
In a sense we could say that the particles described in b) seem to own, besides the usual orbital angular momentum l ≡ x × p, also a kind of "extrinsic" spin vector, which arises only in the presence of an "external" motion of the center-of-mass, and disappears in the CMF, just like the orbital momentum does.
III. CLASSICAL SPIN
Quantum mechanics of the particles which constitute the ordinary matter (spin-1 2 particles as quark or electrons) presents a phenomenon known as Zitterbewegung (ZBW), described for the first time by Schrödinger in the 1930s [4] [5] [6] [7] [8] [9] [10] : namely, the independence between velocity and momentum (even without external forces)
Actually in Dirac theory the velocity and momentum operators are not proportional
Furthermore v, differently from p, does not commute with the Dirac Hamiltonian H = α· p+mβ so that, while p is a constant quantity, v is not. Therefore the dynamical nature of quantum mechanics is intrinsically non-Newtonian, as it appears more evident after time-derivating side by side the previous equation
Thus, for microsystems in general the Newton's Law and (in the absence of external forces) the Galileo's Principle of Inertia do not apply anymore, and the free motion is not in general uniform rectilinear. The ZBW is fully depicted through the celebrated Gordon deccomposition [11] of the Dirac probability current (here = 1):
represents the spin tensor operator). The first term in the r.h.s. is associated with the "external", translational motion of the center-of-mass; whilst, the non-Newtonian term in the r.h.s. is related to the spin, and describes the "internal", ZBW rotational motion. Actually, with the separation between the global motion of the charge and the mean motion of the center-of-mass, a spinning particle appears to be as "extended-like", occupying in the CMF a region with dimensions of the order of the Compton radius 1/2m. This extended-like structure of non-Newtonian particles has an impressive counterpart in the famous "Darwin term" which appears in the non-relativistic approximation of the Dirac equation in the presence of an external electromagnetic field, found by C.G. Darwin [12] already in 1928. Indeed, because of the ZBW the electron undergoes extremely rapid fluctuations on scales just of the order of the Compton wavelength, causing, for example, the electrons moving inside an atom to experience a smeared nuclear Coulomb potential.
Analogous Gordon-like decompositions of the conserved 4-currents can be found also for spin-1 bosons and for spin- For what seen so far, we presume that any classical (both relativistic and not) theory of spinning particles must predict the ZBW motion, as a signature of the presence of spin freedom degrees. In a paper of ours [13] it was proposed a classical particle theory in which spin and ZBW arise quite naturally. For the above considerations we called that theory Non-Newtonian Mechanics (NNM). The classical motion of spinning particles was therein described without recourse to particular models or special formalisms, and without employing Clifford algebras, or classical spinors (appearing in all supersymmetric-like classical models, as the Barut-Zanghi one [8] ), but simply by generalizing the usual spinless theory. It was only assumed the invariance with respect to the Poincaré group, and only requiring the conservation of the linear and angular momenta we derived the ZBW and the other kinematical properties and motion constraints. Standard Newtonian mechanics 5 is re-obtained as a particular case of that theory: namely for spinless systems with no ZBW.
As abovesaid, in the absence of external forces, the Lagrangian shall be invariant with respect to the Poincaré group: thus it must be a function of only scalar quantities which do not depend on particle position but instead on 4-velocity and, in case, also on its derivatives. We can built up, also in the presence of external fields, a covariant Lagrangian formulation of the NNM through a straightforward generalization of the Newtonian Lagrangian
to Lagrangians containing proper 6 time-derivatives of the velocity up to the n-th order:
where U (x) is a (τ -independent) scalar potential due to external forces, the k i are constant scalar coefficients endowed with alternate signs, k 0 = m, and
The coefficients k i -which may be chosen equal to zero for i larger than a given integer, see below-might be functions of the self-interaction of the particle and of its mass and charge (cf. the infinite-terms equation of the self-radiating classical electron or the "chronon" theory of the electron [14] , k i can be related to the underlying string structure (or membrane or n-brane structure) of a spinning particle. The consequent Euler-Lagrange equation of motion is a constant-coefficients n-th order differential equation,
which appears as a generalization of the Newton's Law F = ma, in which non-Newtonian ZBW terms appear:
5 Hereafter we shall call "Newtonian" the ordinary (relativistic or not) theory, where momentum and velocity are parallel vectors. 6 Quantity τ is the proper time, i.e. the CMF time. 7 Alternate signs are requested for the coefficients of the terms appearing in the Lagrangian if we want only stationary solutions and finite oscillatory motions.
The canonical momentum
from which we get the ZBW equation for L (n) :
Let us remark that the above ZBW equation has been derived in [13] in a more general form [of which Eq. (13) is a particular case] starting from conservation of the linear and angular momenta:
In the previously mentioned paper, we also showed that, with the assumption k 1 = −1/4m, the first-order NNM, namely NNM (1) , is the very classical analogue of the Dirac theory. As a matter fo fact, the non-newtonian classical equations of motion turn out to be identical to the ones holding for the corresponding quantum operators: we can say that the canonical representation of the NNM (1) represents a suitable classical counterpart of the Dirac algebra. The Dirac ZBW motion which yields the expected value s = 1 2 is lightlike (of course in NNM (1) they are possible also other motions, also not uniform). Actually, the "inner" (i.e. in the CMF) motion of the pointlike charge in a plane normal to the spin vector is uniform circular with constant speed c, even if the ZBW cycle average speed w (the "external"center-of-mass speed) results to be, as expected, always subluminal 8 . Henceforth let us consider free particles, with absence of external forces U = 0. Through the Nöther Theorem, by satisfying the symmetry under 4-rotations, the classical spin can be univocally defined employing only classical kinematical quantities. Actually, requiring Lorentz symmetry for any L (n) (τ ; x, v,v,v, . . .) , we obtain [13] the conservation of the total angular momentum J µν . Hence, we shall have for the ordinary Newtonian case (the only spinless) L (0)
The spin arises from the first order forward: for L (1) we get
hence
The spin vectors for L (2) and L (3) are, respectively
For a generic n (≥ 1) spin tensor and spin vector write, respectively:
IV. ZITTERBEWEGUNG OSCILLATIONS WITH VANISHING INTRINSIC ANGULAR MOMENTUM AND HELICITY
A very interesting case of NNM (n) is the one that, for any n, entails only harmonic motions endowed with only one frequency ω 0 with multiplicity n:
As is shown in [13] , the periodic solution of the ZBW equation of motion (13) endowed with a given frequency ω can be put as
Inserting this equation in the ZBW equation
which, reminding that k 0 = M , can be re-written as
we get the "characteristic" equation in the unknown ω n i=0
In order that for any solution of the previous equation be
the l.h.s. of (27) must be proportional to the polynomial F n of grade n in the variable ω 2 defined as follows
where λ i are expressed through the Newton binomial coefficients
For the condition n i=0 k i ω 2i ∝ F n we have to require
Since k 0 ≡ M and λ 0 = (−1) n ω 2n 0 , from (30) we infer
On inserting solution (24) with ω = ω 0 and coefficients k i given by Eq. (31) in (n ≥ 1) spin vector formula (22)
and referring to CMF (p = 0), after some algebra we obtain the spin vector in the following form
This expression is different from 0 only for n = 1 (NNM (1) , i.e.: the Dirac case), whilst for n ≥ 2 we identically get
Therefore, when the intrinsic -i.e. in the CMF-motion is harmonic 9 and is endowed with a degenerate frequency, the spin vector does vanish (only) in CMF, so that helicity and intrinsic angular momentum are zero.
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Let us notice a quite interesting analogy between the degenerate frequency of the above seen ZBW inner motion and the degenerate oscillations (ω 1 = ω 2 ) found in pure fourth-order case of the Pais-Uhlenbeck double oscillator [15] . As a matter of fact, in [16] it is proved that the degenerate Pais-Uhlenbeck scalar field can be identified with the helicity-0 longitudinal component of the Stückelberg field.
In addition to the special case of motion with a n−degenerate frequency studied above, in [13] we predicted particles endowed with non-zero spin vector and ZBW in a generic frame, but with zero intrinsic angular momentum and helicity, for any n ≥ 1 NNM (n) and for any given coefficients k i . It is sufficient to consider, for a chosen L (n) , those solutions of the Euler-Lagrange equation which entail a rectilinear oscillatory motion in the CMF. To make an example, for L (1) it is enough to assume, whichever is the chosen value of k 1 , a rectilinear harmonic 11 motion among the solutions of the ZBW equation (13) 
9 For example when it is uniform circular and lightlike with v 2 = 0 = constant: cf. the classification of ZBW motions proposed in [13] . 10 Note that even if the spin is zero in the CMF, the intrinsic magnetic momentum 1 2 e r×v does not indentically vanish. 11 The linear oscillatory motion is harmonic only for L (1) ; it is in general anharmonic for n ≥ 2.
The space trajectory turns out to be a tilted sinusoid-like path belonging to the plane α containing (as usual we label by ⋆ the quantities referred to the CMF) v ⋆ , a ⋆ and p, with the nodal axis parallel to p. Actually the trajectory is quite different from the one of a spinless Klein-Gordon particle (described by NNM (0) ), which is a straight line. The spin vector is equal to k 1 (v × a) because of Eq. (18). By labelling with ⊥ the component orthogonal to the boost and taking into account that, since the Lorentz boost −w 12 does not affect the components orthogonal to p, F × p = F ⊥ × p = F ⊥ ⋆ × p, we obtain
Actually the spin does not preceed anymore as the spin of a Dirac particle does, but linearly vibrates along a direction orthogonal to the momentum, and the helicity is zero. As expected, in the CMF, where p = 0, the spin vector identically vanishes, s ⋆ = 0; while in a generic frame it vanishes only after averaging over a ZBW period, s = 0 (analogously for HZPs it vanishes the quantum average spin, according to the Correspondence Principle). As is easy to check, from eqs. (19) (20) and from the analogous formulae for n > 3, also for n > 1 in correspondence to CMF rectilinear motions the intrinsic angular momentum s ⋆ does vanish at any time, since v ⋆ and its time derivatives are collinear vectors (v ⋆ //a ⋆ //ȧ ⋆ // . . .). But it easily proved that after a boost the Lorentz-transformed spin vector s is in general non-zero. In fact, labelling with (⊥) the components parallel (orthogonal) to the boost −w, and taking into account and so on for the higher-order derivatives of the velocity. As a consequence, in the new frame the transformed velocity v and its transformed derivatives are not anymore collinear, so that s = 0. It is also easy to check that v, a, etc. belong to the aforesaid plane α. Being orthogonal to the plane α for Eqs. (18)- (20) and for the analogous formulae for n > 3, the spin is then normal to the momentum, so that, as expected, the helicity always vanishes.
